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Abstract
Reciprocal transformations of Hamiltonian operators of hydrodynamic type are
investigated. The transformed operators are generally nonlocal, possessing a number
of remarkable algebraic and differential-geometric properties. We apply our results
to linearly degenerate semi-Hamiltonian systems in Riemann invariants, a typical
example being
Rit =
(
n∑
m=1
Rm −Ri
)
Rix, i = 1, 2, ..., n.
Since all such systems are linearizable by appropriate (generalized) reciprocal trans-
formations, our formulae provide an infinity of mutually compatible nonlocal Hamil-
tonian structures, explicitly parametrized by n arbitrary functions of one variable.
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Keywords: Hydrodynamic type systems, Reciprocal Transformations, Hamilto-
nian structures.
1
1 Introduction
Equations of hydrodynamic type,
uit = υ
i
j(u)u
j
x, i, j = 1, ..., n,
naturally arise in apllications such as gas dynamics, hydrodynamics, chemical kinetics,
the Whitham averaging procedure, differential geometry and topological field theory, see,
e.g., [9], [10], [27], [28], [8], [21], [22]. In this paper we study Hamiltonian systems,
uit = υ
i
j(u)u
j
x = J
ij ∂h
∂uj
, i = 1, 2, ..., n, (1)
where
J ij = gij(u)
d
dx
− gis(u)Γjsk(u)ukx (2)
is the Hamiltonian operator and h(u) is the density. As pointed out by Dubrovin and
Novikov [9], expression (2) defines a Hamiltonian operator if and only if the metric gij
(gij = gji, det gij 6= 0) is flat and Γjsk are the Christoffel symbols of the corresponding
Levi-Civita connection. Notice that equations (1) and (2) imply that υij is the matrix of
second covariant derivatives of the density h,
υij = ∇i∇jh,
where ∇i ≡ gij∇j . The theory of integrability of Hamiltonian systems of hydrodynamic
type was proposed by Tsarev [27, 28]. He demonstrated that if a Hamiltonian system (1)
is diagonalizable, that is, can be written in the diagonal form
Rit = v
i(R)Rix,
(the corresponding coordinates Ri are called the Riemann invariants), then it necessarily
possesses an infinity of conservation laws and commuting flows and, moreover, is integrable
by the so-called ‘generalized hodograph transform’. In Riemann invariants Ri, the flat
metric gij also becomes diagonal, gij = giiδij, thus establishing a correspondence between
Hamiltonian diagonalizable systems (1) and n-orthogonal curvilinear coordinates in flat
spaces. This shows that the theory of Hamiltonian systems of hydrodynamic type is
deeply rooted in classical differential geometry.
There exists an important class of non-local transformations which act on hydrodynamic-
type systems. Unlike the classical Ba¨cklund transformations (Miura-type transforma-
tions) familiar from the soliton theory, these transformations change the independent vari-
ables of a system. They are defined as follows. Let B(u)dx+A(u)dt and N(u)dx+M(u)dt
be two conservation laws of system (1), understood as one-forms which are closed by virtue
of (1). In the new independent variables x˜ and t˜ defined by
dx˜ = B(u)dx+ A(u)dt, dt˜ = N(u)dx+M(u)dt, (3)
equations (1) take the form
ui
t˜
= υ˜ij(u)u
j
x˜, (4)
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where the transformed matrix υ˜ is υ˜ = (Bυ − AE)(ME − Nυ)−1, E = id. Transfor-
mations of the type (3) originate from gas dynamics and are known as reciprocal [26].
The simplest example is, probably, the passage from Eulerian to Lagrangian coordinates
in 1-dimensional gas dynamics. Reciprocal transformations are known to preserve the
class of diagonalizable systems, which is an immediate corollary of the form of the trans-
formed matrix v˜. Moreover, all conservation laws and commuting flows of the initial
system can easily be recalculated in the new independent variables. Therefore, reciprocal
transformations preserve the whole class of integrable systems of hydrodynamic type.
The only object which, under reciprocal transformations, behaves in a non-trivial
way, is the Hamiltonian structure. Generic reciprocal transformations destroy the local
Hamiltonian formalism of the form (2). To the best of our knowledge, the behaviour of
Hamiltonian structures under reciprocal transformations (an their appropriate general-
izations) has not been discussed in the literature. Investigation of this problem is, thus,
the main objective of our paper.
In sections 3 and 4 we study the behaviour of Hamiltonian structures (2) under
reciprocal transformations (3). The main conclusion is that local Hamiltonian struc-
tures generally become nonlocal, so that the transformed system (4) is still Hamiltonian,
ui
t˜
= J˜ ij∂h˜/∂uj , however, with the nonlocal Hamiltonian operator
J˜ ij = g˜ij
d
dx˜
− g˜isΓ˜jskukx˜ +
∑
εαwi(α)ku
k
x˜
(
d
dx˜
)−1
wj(α)su
s
x˜. (5)
Here εα = ±1; the explicit form of the transformed metric g˜ij and the nonlocal terms is
stated in sections 3 and 4.
Remark. In the particular case of constant A, B, M , N , transformations (3) reduce
to linear changes of the independent variables, x˜ = bx + at, t˜ = nx + mt, (a, b, m, n
are constants). As pointed out by Tsarev [28], transformations of this type preserve the
locality of Hamiltonian structures of hydrodynamic type (see also [24]).
Nonlocal operators of the form (5) have been extensively investigated in [20], [11],
[13], [25], [1], [17], [5], [2], and have a remarkable differential-geometric interpretation.
The general theory is briefly recalled in section 2. As an illustration of our approach,
we discuss Hamiltonian formalism of linearly degenerate semi-Hamiltonian systems in
Riemann invariants,
Rit = υ
i(R)Rix,
where the characteristic speeds υi(R) satisfy the identities
1. ∂iυ
i = 0 for any i = 1, 2, ...n, ∂i = ∂/∂R
i (linear degeneracy);
2. ∂k
∂jυ
i
υj−υi
= ∂j
∂kυ
i
υk−υi
for any i 6= j 6= k (semi–Hamiltonian property).
Linearly degenerate semi-Hamiltonian systems have interesting interrelations with separa-
ble (Sta¨ckel) systems in classical mechanics [15], [16], [4], [12], [14] and finite-gap solutions
of integrable soliton equations. For instance, the linearly degenerate semi-Hamiltonian
system Rit = (
∑
Rm − Ri)Rix governs the evolution of zeros of the n−gap ψ−function
3
in the KdV theory [6], [7], [12]. For n = 2 we have essentially one nontrivial linearly
degenerate system,
ut = υux, υt = uυx, (6)
arising in gas dynamics (Chaplygin gas), field theory (Born-Infeld equation) and classical
differential geometry (minimal surfaces in Minkowski 3−space, improper affine spheres).
Theorem 1 of section 3 provides infinitely many Hamiltonian representations of system
(6), (
u
υ
)
t
= J
(
∂h/∂u
∂h/∂υ
)
, (7)
with nonlocal operators
J = (u− υ)2
(
f(u) 0
0 ϕ(υ)
)
d
dx
+
(u− υ)
(
1
2
(u− υ)f ′(u)ux + f(u)(ux − υx) ϕ(υ)ux + f(u)υx
−ϕ(υ)ux − f(u)υx 12(u− υ)ϕ′(υ)υx + ϕ(υ)(ux − υx)
)
+
(
w1ux ux
w2υx υx
)(
d
dx
)−1(
ux υx
w1ux w
2υx
)
,
where w1 = 1
2
[(u − υ)f ′(u) − f(u) − ϕ(υ)] and w2 = 1
2
[(υ − u)ϕ′(υ) − f(u) − ϕ(υ)]
are the characteristic speeds of commuting flows of system (6), and the corresponding
Hamiltonian densities
h =
1
4(υ − u)



 u∫ dν√
f(ν)


2
−

 υ∫ dν√
ϕ(ν)


2
 ,
parametrized by two arbitrary functions f(u) and ϕ(υ). In view of the linearity of J in
f(u) and ϕ(υ), all these Hamiltonian structures are mutually compatible. Notice that the
local part of the operator J is of the form (2), corresponding to the metric
(u− υ)−2
(
du2
f(u)
+
dυ2
ϕ(υ)
)
,
which is not flat for generic f(u) and ϕ(υ). Particular choices of f(u) and ϕ(υ) lead to
local Hamiltonian structures which were first discovered in [23] and [3] (see Example 1 in
section 3).
Another example of this type is the 3−component linearly degenerate semi-Hamiltonian
system
ut = (υ + w)ux, υt = (u− w)υx, wt = 1
2
(u+ υ)wx, (8)
which is the Riemann invariant form of non-isentropic gas dynamics with the special
equation of state P (ρ, s) = s − 1/ρ, see [29] and [19]. Our approach provides infinitely
4
many nonlocal Hamiltonian structures of the form
J =
4
ρ2

 f(u) 0 00 ϕ(υ) 0
0 0 ψ(w)

 d
dx
+
2
ρ


1
ρ
f ′(u)ux + 2f(u)(
1
ρ
)x −ϕ(υ)ux − f(u)υx −2ψ(w)ux − f(u)wx
ϕ(υ)ux + f(u)υx
1
ρ
ϕ′(υ)υx + 2ϕ(υ)(
1
ρ
)x −2ψ(w)υx + ϕ(υ)wx
2ψ(w)ux + f(u)wx 2ψ(w)υx − ϕ(υ)wx 1ρψ′(w)υx + 2ψ(w)(1ρ)x

 +

 w1ux uxw2υx υx
w3wx wx

( d
dx
)−1(
ux υx wx
w1ux w
2υx w
3wx
)
, ρ =
(
w +
υ − u
2
)−1
.
Here the local part is of the form (2), generated by the diagonal metric
(2w + υ − u)−2
(
du2
f(u)
+
dυ2
ϕ(υ)
+
dw2
ψ(w)
)
, (9)
which is not flat in general, and w1, w2, w3 are the characteristic speeds of commuting
flows of system (8):
w1 = −1
2
(2w + υ − u)f ′(u)− 1
2
[f(u) + ϕ(υ) + 4ψ(w)],
w2 =
1
2
(2w + υ − u)ϕ′(υ)− 1
2
[f(u) + ϕ(υ) + 4ψ(w)],
w3 = (2w + υ − u)ψ′(w)− 1
2
[f(u) + ϕ(υ) + 4ψ(w)].
These Hamiltonian operators depend linearly on three arbitrary functions f(u), ϕ(υ) and
ψ(w), and are mutually compatible (Example 2 in section 3).
Similar arguments applied to the 3-component linearly degenerate semi-Hamiltonian
system
ut = (υ + w)ux, υt = (u+ w)υx, wt = (u+ υ)wx (10)
provide infinitely many nonlocal Hamiltonian structures
J =

 g11 0 00 g22 0
0 0 g33

 d
dx
+


g11[ f
′(u)
2f(u)
ux +
ux−υx
u−υ
+ ux−wx
u−w
] g
22ux+g11υx
u−υ
g33ux+g11wx
u−w
−g22ux+g11υx
u−υ
g22[ ϕ
′(υ)
2ϕ(υ)
υx +
ux−υx
u−υ
+ υx−wx
υ−w
] g
33υx+g22wx
υ−w
−g33ux+g11wx
u−w
−g33υx+g22wx
υ−w
g33[ ψ
′(w)
2ψ(w)
wx +
wx−υx
w−υ
+ ux−wx
u−w
]

+

 λ1ux µ1ux η1ux uxλ2υx µ2υx η2υx υx
λ3wx µ
3wx η
3wx wx

( d
dx
)−1
ux υx wx
η1ux η
2υx η
3wx
µ1ux µ
2υx µ
3wx
λ1ux λ
2υx λ
3wx

 .
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Here the metric components are
g11 = (u− υ)2(u−w)2f(u), g22 = (υ − u)2(υ −w)2ϕ(υ), g33 = (w− u)2(w− υ)2ψ(w),
the coefficients η1 = υ + w, η2 = u + w and η3 = υ + w are the characteristic speeds of
system (10), and µk, λk are the characteristic speeds of its commuting flows:
µ1 = −1
2
(u− υ)(u− w)f ′(u) + uf(u) + υϕ(υ) + wψ(w)
−
u∫
f(ν)dν −
υ∫
ϕ(ν)dν −
w∫
ψ(ν)dν − 1
2
(υ + w) (f(u) + ϕ(υ) + ψ(w)) ,
λ1 = (u− υ)(u− w)[2f(u) + uf ′(u)]− 2[u2f(u) + υ2ϕ(υ) + w2ψ(w)] +
+(υ + w)[uf(u) + υϕ(υ) + wψ(w) +
u∫
f(ν)dν +
υ∫
ϕ(ν)dν +
w∫
ψ(ν)dν].
(µ2, µ3 and λ2, λ3 can be obtained by a cyclic permutation of u, υ, w and f , ϕ, ψ).
These operators depend linearly on three arbitrary functions f(u), ϕ(υ) and ψ(w) and
are mutually compatible. The details can be found in Example 3 in section 4.
Generalized reciprocal transformations and their action on the local Poisson brackets
of Dubrovin-Novikov type are discussed in section 5.
2 Nonlocal Hamiltonian operators of hydrodynamic
type. Nonlocal Hamiltonian formalism for semi-
Hamiltonian systems
In this section we recall the necessary information about nonlocal Hamiltonian operators
of hydrodynamic type
J ij = gij
d
dx
− gisΓjskukx +
∑
α
εαwi(α)ku
k
x
(
d
dx
)−1
wi(α)nu
n
x, ε
α = ±1, (11)
which are defined by a metric gij (gij = gji, det gij 6= 0), the corresponding Levi-Civita
connection Γjsk and a set of affinors w(α) forming the nonlocal ”tail”.
Theorem 1 [11] The operator J ij is Hamiltonian if and only if the affinors w(α) satisfy
the equations
gikw
k
(α)j = gjkw
k
(α)i, (12)
∇kwi(α)j = ∇jwi(α)k, (13)
and the curvature tensor of the metric gij has the expansion
Rijkl =
∑
α
εα
(
wi(α)kw
j
(α)l − wi(α)lwj(α)k
)
. (14)
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Moreover, the set of affinors w(α) must be commutative,
[w(α), w(β)] = 0. (15)
As pointed out in [11], equations (12)–(15) constitute the Gauss-Codazzi-Ricci equa-
tions of submanifolds of pseudo-Euclidean spaces with flat normal bundle. There are
three particularly interesting special cases of the general formula (11).
Hamiltonian operators associated with constant curvature metrics, first in-
troduced in [20] (see also [25]), are of the form
J ij = gij
d
dx
− gisΓjskukx + cuix
(
d
dx
)−1
ujx. (16)
Here gij is a metric of constant curvature c, so that the Gauss equation (14) takes the
form
Rijkl = c
(
δikδ
j
l − δilδjk
)
.
Hamiltonian operators associated with conformally flat metrics are of the
form [13]
J ij = gij
d
dx
− gisΓjskukx + wikukx
(
d
dx
)−1
ujx + u
i
x
(
d
dx
)−1
wjku
k
x. (17)
The corresponding equations (12)–(14) reduce to
gikw
k
j = gjkw
k
i ,
∇kwij = ∇jwik,
while the curvature tensor of the metric gij has the expansion
Rijkl = w
i
kδ
j
l + w
j
l δ
i
k − wjkδil − wilδjk,
implying that the metric gij is conformally flat.
Hamiltonian operators associated with hypersurfaces of the Euclidean space
are [11]
J ij = gij
d
dx
− gisΓjskukx + wikukx
(
d
dx
)−1
wjnu
n
x. (18)
The corresponding equations (12)–(14),
gikw
k
j = gjkw
k
i ,
∇kwij = ∇jwik,
Rijkl = w
i
kw
j
l − wilwjk,
are the Gauss-Codazzi equations governing the first fundamental form gij and the shape
operator wij of a hypersurface in the Euclidean space.
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Nonlocal Hamiltonian operators of the form (11) and their particular instances (16)–
(18) appear in a variety of applications including the Whitham theory (where operators
of the form (11) arise as a result of the Whitham averaging of nonlocal higher order
Poisson brackets of integrable PDE’s [1], [2]), recursion scheme, Dirac reduction, etc [11].
Canonical coordinates for these operators were introduced in a recent paper by Maltsev
and Novikov [17]. The corresponding nonlocal symplectic structures were investigated in
[18].
Notice that equations (11)–(14) simplify if the metric g and affinors w(α) are diagonal,
gij = giiδij, wi(α)j = w
i
(α)δ
i
j . In this case the operator (11) takes the form
J ij = giiδij
d
dx
− giiΓjikukx +
∑
α
ε(α)wi(α)u
i
x
(
d
dx
)−1
wj(α)u
j
x, (19)
while equations (12)–(14) reduce to
∂j ln
√
gii =
∂jw
i
(α)
wj(α) − wi(α)
, (20)
Rijij =
∑
α
ε(α)wi(α)w
j
(α) (21)
for any i 6= j. Nonlocal Hamiltonian operators of the form (19) naturally arise as Hamil-
tonian structures of semi-Hamiltonian systems in Riemann invariants [11], [5]. Let us
recall the main construction. Following Tsarev [28], a system in Riemann invariants
Rit = υ
i(R)Rix, i = 1, 2, ..., n (22)
is called semi-Hamiltonian if the characteristic speeds υi(R) satisfy the identities
∂k
∂jυ
i
υj − υi = ∂j
∂kυ
i
υk − υi
for any triple i 6= j 6= k. Let us introduce the diagonal metric giidRi2 by the formulae
∂j ln
√
gii =
∂jυ
i
υj − υi (23)
for any i 6= j. Notice that gii is defined up to a multiple gii → gii/f i(Ri), where f i(Ri) is
an arbitrary function of Ri.
Although the metric gii may happen to be flat for particular choices of f
i(Ri) (in this
case our system is Hamiltonian with the local Hamiltonian operator of Dubrovin-Novikov
type corresponding to the metric gii), it is not flat in general. Suppose one can find
the expansion of the curvature tensor of this metric in the form (21), where wi(α) are
characteristic speeds of commuting flows of system (22):
Ritα = w
i
(α)(R)R
i
x. (24)
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Notice that the flows (22) and (24) commute if and only if
∂jυ
i
υj − υi =
∂jw
i
(α)
wj(α) − wi(α)
(25)
for any i 6= j. In this case the system (22) will be Hamiltonian with the nonlocal Hamil-
tonian operator (19) (indeed, both conditions (20) and (21) are satisfied). The main
problem is thus to find the expansion (21) for a metric satisfying (23). We point out that
the sum in (21) is infinite in general.
Remarkably, there exist semi-Hamiltonian systems for which one can explicitly con-
struct the expansion (21) for an arbitrary metric gii satisfying (23). Moreover, for any
choice of f i(Ri) the summation in (21) is finite, so that the corresponding systems possess
infinitely many Hamiltonian structures explicitly parametrized by n arbitrary functions of
one variable. Among the most interesting examples of this type are systems of Temple’s
class and linearly degenerate semi-Hamiltonian systems. The construction of nonlocal
Hamiltonian formalism for linearly degenerate semi-Hamiltonian systems is based on the
formulae for reciprocal transformations of local Hamiltonian operators which we derive in
sections 3-5.
3 Reciprocal transformations which change only the
space variable x
Consider a Hamiltonian system (1),
uit = υ
i
j(u)u
j
x = (∇i∇jh)ujx = J ij
∂h
∂uj
,
with the local Hamiltonian operator (2),
J ij = gij
d
dx
− gisΓjskukx.
In this section we discuss special reciprocal transformations of the form (3) which change
the space variable x only,
dx˜ = B(u)dx+ A(u)dt, t˜ = t. (26)
Notice that an arbitrary reciprocal transformation (3) can be represented as a composition
R1 ◦ T ◦R2
where R1 and R2 are reciprocal transformations of the form (26) and T is the transfor-
mation interchanging the independent variables: x˜ = t, t˜ = x. After the transformation
(26), system (1) takes the form
uit = υ˜
i
j(u)u
j
x˜ =
(∇i∇jh · B − δijA)ujx˜ (27)
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while the Hamiltonian operator J ij undergoes a nontrivial transformation and becomes
nonlocal. To write down the transformed operator J˜ ij, we introduce the Hamiltonian
system
uiτ = w
i
j(u)u
j
x = J
ij ∂B
∂uj
= (∇i∇jB)ujx (28)
generated by the Hamiltonian operator J ij and the density B. Clearly, systems (1) and
(28) commute. Since the flux of the conserved density B corresponding to the flow (28)
is given by the formula 1
2
(∇B)2 (here ∇B = Bidui is the gradient of B and (∇B)2 =
gijBiBj), we can incorporate the time τ into the reciprocal transformation (26) as follows:
dx˜ = Bdx+ Adt+
1
2
(∇B)2dτ.
Therefore, the transformed system (28) takes the form
uiτ = w˜
i
j(u)u
j
x˜ =
(
∇i∇jB ·B − 1
2
δij(∇B)2
)
ujx˜ (29)
The transformed systems (27) and (29) commute. Now we can formulate the main result
of this section.
Theorem 2 The transformed system (27) is Hamiltonian,
uit = J˜
ij ∂h˜
∂uj
,
with the nonlocal operator
J˜ ij = g˜ij
d
dx˜
− g˜isΓ˜jskukx˜ + w˜ikukx˜
(
d
dx˜
)−1
ujx˜ + u
i
x˜
(
d
dx˜
)−1
w˜jku
k
x˜ (30)
and the Hamiltonian density h˜(u) = h(u)/B(u). Here the transformed metric is g˜ij =
B2gij, Γ˜ is the Levi-Civita connection of g˜, and w˜ij is given by (29). Notice that the
transformed metric is conformally flat with the curvature tensor
R˜ijkl = w˜
i
kδ
j
l + w˜
j
l δ
i
k − w˜jkδil − w˜ilδjk.
The proof follows directly from results of [13] where nonlocal Hamiltonian operators of
the form (30) associated with conformally flat metrics were investigated. As an illustration
of the procedure outlined in Theorem 1, we explicitly construct nonlocal Hamiltonian
formalism for the 2−component linearly degenerate system (6).
Example 1. The linear system
ut = ux, υt = −υx (31)
possesses infinitely many Hamiltonian representations(
u
υ
)
t
= J
(
∂h/∂u
∂h/∂υ
)
(32)
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with local Hamiltonian operators J of the type (2),
J = 4
(
f(u) 0
0 ϕ(υ)
)
d
dx
+ 2
(
f ′(u)ux 0
0 ϕ′(υ)υx
)
, (33)
corresponding to flat metrics
ds2 =
du2
4f(u)
+
dυ2
4ϕ(υ)
(34)
(here f(u) and ϕ(υ) are arbitrary functions). The corresponding Hamiltonian densities
are
h(u, υ) =
1
8

 u∫ dν√
f(ν)


2
− 1
8

 υ∫ dν√
ϕ(ν)


2
. (35)
Consider the reciprocal transformation
dx˜ = Bdx+ Adt =
1
2
(υ − u)dx− 1
2
(υ + u)dt, t˜ = t, (36)
mapping the linear system (31) to the linearly degenerate system
ut = υux˜, υt = uυx˜. (37)
To write down the transformed Hamiltonian operators (33), we first introduce the trans-
formed metric
ds˜2 =
ds2
B2
= (u− υ)−2
(
du2
f(u)
+
dυ2
ϕ(υ)
)
, (38)
which is no longer flat for generic f(u) and ϕ(υ). Following the procedure outlined in
Theorem 1, we calculate the Hamiltonian flow generated by the Hamiltonian operator
(33) and the Hamiltonian density B = 1
2
(υ − u). A simple computation gives the system
uτ = −f ′(u)ux, υτ = ϕ′(υ)υx, (39)
which clearly commutes with (31). To incorporate the time τ into the reciprocal trans-
formation (36), we calculate the flux of the density B corresponding to the flow (39),
1
2
(∇B)2 = 1
2
[f(u) + ϕ(υ)].
Thus, reciprocal transformation (36) takes the form
dx˜ = Bdx+ Adt+
1
2
(∇B)2dτ = 1
2
(υ − u)dx− 1
2
(υ + u)dt+
1
2
[f(u) + ϕ(υ)]dτ , t˜ = t,
so that the transformed system (39) is
uτ = w
1ux˜, υτ = w
2υx˜, (40)
where
w1 =
1
2
[(u− υ)f ′(u)− f(u)− ϕ(υ)], w2 = 1
2
[(υ − u)ϕ′(υ)− f(u)− ϕ(υ)] (41)
11
(notice that equations (40) and (41) constitute a general commuting flow of the linearly
degenerate system (37)). According to Theorem 1, system (37) is Hamiltonian,(
u
υ
)
t
= J˜
(
∂h˜/∂u
∂h˜/∂υ
)
,
with nonlocal operators J˜ of the form
(u− υ)2
(
f(u) 0
0 ϕ(υ)
)
d
dx˜
+
(u− υ)
(
1
2
(u− υ)f ′(u)ux˜ + f(u)(ux˜ − υx˜) ϕ(υ)ux˜ + f(u)υx˜
−ϕ(υ)ux˜ − f(u)υx˜ 12(u− υ)ϕ′(υ)υx˜+ϕ(υ)(ux˜ − υx˜)
)
(42)
+
(
w1ux˜ ux˜
w2υx˜ υx˜
)(
d
dx˜
)−1(
ux˜ υx˜
w1ux˜ w
2υx˜
)
and the Hamiltonian densities
h˜ = h/B =
1
4(υ − u)



 u∫ dν√
f(ν)


2
−

 υ∫ dν√
ϕ(ν)


2
 .
All these operators are mutually compatible. Let us discuss some particular cases. For
f(u) = 1, ϕ(υ) = −1 and f(u) = u, ϕ(υ) = −υ we have w1 = w2 = 0, so that the
transformed operators take local forms
(u− υ)2
(
1 0
0 −1
)
d
dx˜
+ (u− υ)
(
ux˜ − υx˜ υx˜ − ux˜
ux˜ − υx˜ υx˜ − ux˜
)
(43)
and
(u− υ)2
(
u 0
0 −υ
)
d
dx˜
+(u− υ)
(
(3
2
u− 1
2
υ)ux˜ − uυx˜ uυx˜ − υux˜
υux˜ − uυx˜ (32υ − 12u)υx˜ − υux˜
)
, (44)
the corresponding Hamiltonian densities being
h(u, υ) =
u2 + υ2
4(υ − u) and h(u, υ) =
u+ υ
υ − u,
respectively. In the case f(u) = u2, ϕ(υ) = −υ2 we have w1 = −w2 = 1
2
(u − υ)2 so that
the operator J˜ takes the form
(u− υ)2
(
u2 0
0 −υ2
)
d
dx˜
+
(u− υ)
(
u(2u− υ)ux˜ − u2υx˜ u2υx˜ − υ2ux˜
υ2ux˜ − u2υx˜ υ(2υ − u)υx˜ − υ2ux˜
)
+ (45)(
1
2
(u− υ)2ux˜ ux˜
−1
2
(u− υ)2υx˜ υx˜
)(
d
dx˜
)−1(
ux˜ υx˜
1
2
(u− υ)2ux˜ −12(u− υ)2υx˜
)
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with the corresponding density
h(u, υ) =
(ln u)2 + (ln υ)2
4(υ − u) .
Notice that the local part of the Hamiltonian operator (45),
(u− υ)2
(
u2 0
0 −υ2
)
d
dx˜
+(u− υ)
(
u(2u− υ)ux˜ − u2υx˜ u2υx˜ − υ2ux˜
υ2ux˜ − u2υx˜ υ(2υ − u)υx˜ − υ2ux˜
)
, (46)
is itself Hamiltonian, indeed, the metric
(u− υ)−2
(
du2
u2
− dυ
2
υ2
)
is flat.
One can show that the operators (43), (44) and (46) (are arbitrary linear combinations
thereof) are the only local Hamiltonian structures of Dubrovin-Novikov type of the system
(37). This follows from the fact that the metric
(u− υ)−2
(
du2
f(u)
− dυ
2
ϕ(υ)
)
is flat if and only if
f(u) = αu2 + βu+ γ, ϕ(υ) = −αυ2 − βυ − γ,
where α, β and γ are arbitrary constants. These local structures were first discovered in
[23] and [3], and subsequently generalized to polytropic gas dynamics in [21], [22]. The
general nonlocal operator (42) first appeared in [5].
Example 2. The linear system
ut = ux, υt = −υx, wt = 0 (47)
possesses infinitely many Hamiltonian representations
 uυ
w


t
= J

 ∂h/∂u∂h/∂υ
∂h/∂w


with local operators
J = 4

 f(u) 0 00 ϕ(υ) 0
0 0 ψ(w)

 d
dx
+ 2

 f ′(u)ux 0 00 ϕ′(υ)υx 0
0 0 ψ′(w)wx


corresponding to flat metrics
ds2 =
du2
4f(u)
+
dυ2
4ϕ(υ)
+
dw2
4ψ(w)
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(here f(u), ϕ(υ) and ψ(w) are arbitrary functions). The corresponding Hamiltonian
densities are
h(u, υ) =
1
8

 u∫ dν√
f(ν)


2
− 1
8

 υ∫ dν√
ϕ(ν)


2
.
Consider the reciprocal transformation
dx˜ = Bdx+ Adt = [w +
1
2
(υ − u)]dx− 1
2
(u+ υ)dt, t˜ = t (48)
mapping the system (47) to the linearly degenerate semi-Hamiltonian system
ut = (υ + w)ux˜, υt = (u− w)υx˜, wt = 1
2
(u+ υ)wx˜. (49)
Notice that under the change of variables
u = −c + s− 1/ρ, υ = −c− s+ 1/ρ, w = s (50)
system (49) takes the form of equations of gas dynamics
ρt + ∂x˜(ρc) = 0, ct + ccx +
1
ρ
∂x˜P (ρ, s) = 0, st + csx˜ = 0 (51)
with the special equation of state P = s− 1/ρ generalizing isentropic Chaplygin gas (see
[29] and [19]).
To calculate the transformed Hamiltonian operators (3), we introduce the conformal
metric (9),
ds˜2 =
ds2
B2
= (2w + υ − u)−2
(
du2
f(u)
+
dυ2
ϕ(υ)
+
dw2
ψ(w)
)
,
which is no longer flat in general. Following the recipe of Theorem 1, we introduce the
Hamiltonian flow generated by the Hamiltonian operator (3) and the Hamiltonian density
B = w + 1
2
(υ − u). A simple computation gives the system
uτ = −f ′(u)ux, υτ = ϕ′(υ)υx, wτ = 2ψ′(w)wx (52)
which commutes with (47). To incorporate the time τ into the reciprocal transformation
(48), we calculate the flux of the density B corresponding to the flow (52),
1
2
(∇B)2 = 1
2
[f(u) + ϕ(υ) + 4ψ(w)].
Thus, transformation (48) takes the form
dx˜ = Bdx+Adt+1
2
(∇B)2dτ = [w+1
2
(υ − u)]dx− 1
2
(υ+u)dt+1
2
[f(u)+ϕ(υ)+4ψ(w)]dτ,
t˜ = t,
so that the transformed flow (52) is
uτ = w
1ux˜, υτ = w
2υx˜, wτ = w
3wx˜, (53)
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where
w1 = −1
2
(2w + υ − u)f ′(u)− 1
2
[f(u) + ϕ(υ) + 4ψ(w)],
w2 =
1
2
(2w + υ − u)ϕ′(υ)− 1
2
[f(u) + ϕ(υ) + 4ψ(w)], (54)
w3 = (2w + υ − u)ψ′(w)− 1
2
[f(u) + ϕ(υ) + 4ψ(w)].
Notice that equations (53) and (54) constitute a general commuting flow of the linearly
degenerate system (49). According to Theorem 1, the system (49) is Hamiltonian,

 uυ
w


t
= J˜

 ∂h˜/∂u∂h˜/∂υ
∂h˜/∂w

 ,
with nonlocal operators J˜ of the form
4
ρ2

 f(u) 0 00 ϕ(υ) 0
0 0 ψ(w)

 d
dx˜
+
2
ρ


1
ρ
f ′(u)ux˜ + 2f(u)(
1
ρ
)x˜ −ϕ(υ)ux˜ − f(u)υx˜ −2ψ(w)ux˜ − f(u)wx˜
ϕ(υ)ux˜ + f(u)υx˜
1
ρ
ϕ′(υ)υx˜ + 2ϕ(υ)(
1
ρ
)x˜ −2ψ(w)υx˜ + ϕ(υ)wx˜
2ψ(w)ux˜ + f(u)wx˜ 2ψ(w)υx˜ − ϕ(υ)wx˜ 1ρψ′(w)υx˜ + 2ψ(w)(1ρ)x˜

+ (55)

 w1ux˜ ux˜w2υx˜ υx˜
w3wx˜ wx˜

( d
dx˜
)−1(
ux˜ υx˜ wx˜
w1ux˜ w
2υx˜ w
3wx˜
)
and the Hamiltonian densities
h˜ = h/B =
ρ
8



 u∫ dν√
f(ν)


2
−

 υ∫ dν√
ϕ(ν)


2
 ,
where 2w+υ−u = 2/ρ (see (50)). We point out that the corresponding metric (9) is flat
if and only if
f(u) = εu+ α, ϕ(υ) = ευ + β, ψ(w) = −ε
2
w + γ,
where the constants α, β, γ and ε are constrained by α + β + 4γ = 0. In this case
w1 = w2 = w3 = 0, so that the corresponding operators (55) are local, thus providing 3
non-equivalent Hamiltonian structures of Dubrovin-Novikov type.
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4 Reciprocal transformations which change both x
and t
Consider again the Hamiltonian system (1),
uit = υ
i
j(u)u
j
x = (∇i∇jh)ujx = J ij
∂h
∂uj
,
with the local Hamiltonian operator
J ij = gij
d
dx
− gisΓjskukx
corresponding to the flat metric gij. In this section we discuss the behavior of Hamiltonian
operators (2) under general reciprocal transformations
dx˜ = B(u)dx+ A(u)dt, dt˜ = N(u)dx+M(u)dt
of the form (3) which map system (1) to the system (4),
ui
t˜
= υ˜ij(u)u
j
x˜, υ˜ = (Bυ − AE)(ME −Nυ)−1, E = id.
First of all, we introduce the transformed metric
g˜ij =
(Mδis −Nυis)(Mδjr −Nυjr)
(BM − AN)2 g
sr (56)
which is no longer flat in general. This metric will generate the local part of the trans-
formed Hamiltonian operator J˜ .
Remark. In the particular case of reciprocal transformations changing only the vari-
able x, we have N = 0, M = 1 so that formula (56) reduces to the conformal transforma-
tion
g˜ij = gij/B2.
Similarly, if we interchange the independent variables (that is, if A = N = 1, B =M = 0),
we have
g˜ij = υisg
srυjr ,
which coincides with the formula proposed in [28]. Notice that in the second case the
metric g˜ij is automatically flat, which means that the local Hamiltonian formalism is
invariant under the interchange of independent variables.
To calculate the nonlocal ”tail” of the transformed operator J˜ , we introduce the Hamil-
tonian flows
uiτ = (∇i∇jN)ujx = J ij
∂N
∂uj
(57)
and
uiζ = (∇i∇jB)ujx = J ij
∂B
∂uj
, (58)
generated by the Hamiltonian operator J ij and the Hamiltonian densities N and B which
enter the reciprocal transformation (3). Clearly, systems (57) and (58) commute with (1).
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To incorporate the times τ and ζ into the reciprocal transformation (3), we calculate the
fluxes P , Q and R, S of the Hamiltonian densities B and N ,
dx˜ = Bdx+ Adt+ Pdτ +Qdζ,
dt˜ = Ndx+Mdt +Rdτ + Sdζ,
that is, the coefficients which make these 1−forms closed by virtue of (1), (57) and (58).
Here
Q =
1
2
(∇B)2 = 1
2
gijBiBj ,
R =
1
2
(∇N)2 = 1
2
gijNiNj,
(see ([28])) and P , S are normalized as
P + S = (∇B,∇N) = gijBiNj.
Therefore, the transformed flows (57) and (58) take the forms
uiτ = µ
i
j(u)u
j
x˜ (59)
and
uiζ = λ
i
j(u)u
j
x˜, (60)
where the matrices µij and λ
i
j are
µij = B∇i∇jN − Pδij +Nυ˜kj∇i∇kN −Rυ˜ij (61)
and
λij = B∇i∇jB −Qδij +Nυ˜kj∇i∇kB − Sυ˜ij, (62)
respectively (these formulae readily follow from (57) and (58) after one changes from x,
t, τ , ζ to x˜, t˜, τ , ζ). The transformed flows (59) and (60) commute with (4). Now we can
formulate the main result of this section.
Theorem 3 After the reciprocal transformation (3), the local Hamiltonian operator (2)
corresponding to the flat metric gij becomes nonlocal of the form
J˜ ij = g˜ij
d
dx˜
− g˜isΓ˜jskukx˜ + λikukx˜
(
d
dx˜
)−1
ujx˜ + u
i
x˜
(
d
dx˜
)−1
λjku
k
x˜
+µiku
k
x˜
(
d
dx˜
)−1
υ˜jnu
n
x˜ + υ˜
i
nu
n
x˜
(
d
dx˜
)−1
µjku
k
x˜.
Here the local part is defined by the metric g˜ij given by (56), Γ˜ is the Levi-Civita connection
of g˜, and the nonlocal terms λij, µ
i
j and υ˜
i
j are defined in (61), (62) and (4). In particular,
the curvature tensor of g˜ij is
R˜ijkl = λ
i
kδ
j
l + λ
j
l δ
i
k − λjkδil − λilδjk + µikυ˜jl + µjl υ˜ik − µjkυ˜il − µilυ˜jk.
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The proof of Theorem 3 will follow from general results of section 5.
As an illustration of this procedure, we explicitly calculate nonlocal Hamiltonian op-
erators associated with the 3−component linearly degenerate system (10).
Example 3. We start with the same linear system (47) as in Exampe 2,
ut = ux, υt = −υx, wt = 0
which possesses infinitely many Hamiltonian structures with operators
J =

 f(u) 0 00 ϕ(υ) 0
0 0 1
4
ψ(w)

 d
dx
+
1
2

 f ′ux 0 00 ϕ′υx 0
0 0 1
4
ψ′wx

 (63)
corresponding to flat metrics
ds2 =
du2
f(u)
+
dυ2
ϕ(υ)
+ 4
dw2
ψ(w)
, (64)
(here f(u), ϕ(υ) and ψ(w) are arbitrary functions; the multiple 4 is chosen for the conve-
nience).
Consider the reciprocal transformation
dx˜ = Bdx+ Adt = (2w2 − u2 − υ2)dx+ (υ2 − u2)dt, (65)
dt˜ = Ndx+Mdt = (u+ υ − 2w)dx+ (u− υ)dt,
which maps system (47) to the 3−component linearly degenerate semi-Hamiltonian system
ut˜ = (υ + w)ux˜, υt˜ = (u+ w)υx˜, wt˜ = (u+ υ)wx˜. (66)
The transformed metric (64) (apply formula (56)),
ds˜2 =
du2
(u− υ)2(u− w)2f(u) +
dυ2
(υ − u)2(υ − w)2ϕ(υ) +
dw2
(w − u)2(w − υ)2ψ(w) , (67)
is no longer flat for generic f(u), ϕ(υ) and ψ(w). The commuting flows of system (47)
generated by the Hamiltonian densities N = u+ υ − 2w and B = 2w2 − u2 − υ2 are
uτ =
1
2
f ′ux, υτ =
1
2
ϕ′υx, wτ = −1
4
ψ′wx (68)
and
uζ = −(2f + uf ′)ux, υζ = −(2ϕ+ υϕ′)υx, wζ = (ψ + 1
2
wψ′)wx, (69)
respectively. To incorporate the times τ and ζ into the reciprocal transformation (65), we
have to calculate the fluxes P , Q and R, S of the Hamiltonian densities B and N ,
dx˜ = Bdx+ Adt+ Pdτ +Qdζ, (70)
dt˜ = Ndx+Mdt +Rdτ + Sdζ,
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that is, the coefficients which make these 1−forms closed by virtue of (47), (68) and (69).
Here
Q =
1
2
(∇B)2 = 2[u2f(u) + υ2ϕ(υ) + w2ψ(w)],
R =
1
2
(∇N)2 = 1
2
[f(u) + ϕ(υ) + ψ(w)],
while P and S are of the form
P = −uf − υϕ− wψ +
u∫
f(ν)dν +
υ∫
ϕ(ν)dν +
w∫
ψ(ν)dν,
S = −uf − υϕ− wψ −
u∫
f(ν)dν −
υ∫
ϕ(ν)dν −
w∫
ψ(ν)dν,
respectively. Notice that P + S = (∇B, ∇N) = gijBiNj . Under the extended reciprocal
transformation (70), the commuting flows (68) and (69) take the form
uτ = µ
1ux˜, υτ = µ
2υx˜, wτ = µ
3wx˜ (71)
and
uζ = λ
1ux˜, υζ = λ
2υx˜, wζ = λ
3wx˜, (72)
where the characteristic speeds are
µ1 = −1
2
(u− υ)(u− w)f ′ − (υ + w)R− P,
µ2 = −1
2
(υ − u)(υ − w)ϕ′ − (u+ w)R− P,
µ3 = −1
2
(w − u)(w − υ)ψ′ − (u+ υ)R− P
and
λ1 = (u− υ)(u− w)(2f + uf ′)− (υ + w)S −Q,
λ2 = (υ − u)(υ − w)(2ϕ+ υϕ′)− (u+ w)S −Q,
λ3 = (w − u)(w − υ)(2ψ + wψ′)− (u+ υ)S −Q,
respectively. The transformed flows (71) and (72) commute with (66). According to
Theorem 2, the transformed metric (67) and the transformed flows (71) and (72) generate
the nonlocal Hamiltonian operator which, in matrix form, is
J =

 g˜11 0 00 g˜22 0
0 0 g˜33

 d
dx˜
+


g˜11[ f
′(u)
2f(u)
ux˜ +
ux˜−υx˜
u−υ
+ ux˜−wx˜
u−w
] g˜
22ux˜+g˜
11υx˜
u−υ
g˜33ux˜+g˜
11wx˜
u−w
− g˜22ux˜+g˜11υx˜
u−υ
g˜22[ ϕ
′(υ)
2ϕ(υ)
υx˜ +
ux˜−υx˜
u−υ
+ υx˜−wx˜
υ−w
] g˜
33υx˜+g˜
22wx˜
υ−w
− g˜33ux˜+g˜11wx˜
u−w
− g˜33υx˜+g˜22wx˜
υ−w
g˜33[ ψ
′(w)
2ψ(w)
wx˜ +
wx˜−υx˜
w−υ
+ ux˜−wx˜
u−w
]

+
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
 λ1ux˜ µ1ux˜ η1υx˜ ux˜λ2υx˜ µ2υx˜ η2υx˜ υx˜
λ3wx˜ µ
3wx˜ η
3wx˜ wx˜

 ( d
dx˜
)−1


ux˜ υx˜ wx˜
η1ux˜ η
2υx˜ η
3wx˜
µ1ux˜ µ
2υx˜ µ
3wx˜
λ1ux˜ λ
2υx˜ λ
3wx˜

 ,
where g˜ii are components of the transformed metric (67), η1 = υ + w, η2 = u + w and
η3 = u+ υ are the characteristic speeds of system (66), and λk, µk are the characteristic
speeds of its commuting flows (71) and (72). In the particular case f(u) = α, ϕ(υ) = β
and ψ(w) = γ, where α, β, γ are constants subject to a single constraint α + β + γ = 0,
we have λk = µk = 0, so that the transformed operator takes the local Dubrovin-Novikov
form, the corresponding flat metric being
ds˜2 =
du2
α(u− υ)2(u− w)2 +
dυ2
β(υ − u)2(υ − w)2 +
dw2
γ(w − u)2(w − υ)2 .
As shown in [23], these are the only local Hamiltonian structures of hydrodynamic type
of the 3−component system (66).
Remark. Modifying the reciprocal transformation (65) from Example 3 as
dx˜ = [2R(w)− P (u)−Q(υ)]dx+ [Q(υ)− P (u)]dt,
dt˜ = [A(u) +B(υ)− 2C(w)]dx+ [A(u)−B(υ)]dt,
we obtain the transformed system
ut˜ =
R(w)−Q(υ)
C(w)− B(υ)ux˜, υt˜ =
P (u)−R(w)
A(u)− C(w)υx˜, wt˜ =
Q(υ)− P (u)
B(υ)−A(u)wx˜, (73)
where A(u), B(υ), C(w) and P (u), Q(υ), R(w) are arbitrary functions. As shown in
[12], formulae (73) define a general 3−component linearly degenerate semi-Hamiltonian
system. Repeating the construction of Example 3, one can obtain the associated family
of nonlocal Hamiltonian structures.
5 Generalized reciprocal transformations
Consider N commuting flows of hydrodynamic type
Ritβ = υ
i
β(R)R
i
t1 , i = 1, 2, ..., n, β = 1, 2, ..., N, (74)
where we have set t1 ≡ x and t2 ≡ t (so that υi1 ≡ 1). We assume that the flows (74)
are Hamiltonian with the local Hamiltonian operator (2) generated by the flat metric
ds2 = gii(R)dR
i2 , so that υiβ = ∇i∇ihβ, where hβ are the corresponding Hamiltonian
densities. Let us change from t1, t2,..., tN to the new independent variables t˜1, t˜2,..., t˜N
defined as
dt˜γ = aγβ(R)dt
β, γ, β = 1, 2, ...N, (75)
where aγ1(R) are the conserved densities of systems (74), and a
γ
β(R) are the corresponding
fluxes:
∂tβa
γ
1 = ∂t1a
γ
β. (76)
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Transformations of the type (75) naturally generalize reciprocal transformations (the case
N = 2). Under the generalized reciprocal transformation (75), the commuting flows (74)
transforms to
Ri
t˜β
= υ˜iβ(R)R
i
t˜1
, (77)
where
υ˜iβ =
Aγβυ
i
γ
Aν1υ
i
ν
, (78)
while the metric ds2 transforms to
ds˜2 = g˜iidR
i2, g˜ii = gii(A
ν
1υ
i
ν)
2. (79)
Here Aβγ is the inverse of a
ν
β ,
dtβ = Aβγdt˜
γ . (80)
We emphasize that the transformed metric ds˜2 is no longer flat in general. In the particular
case N = 2 formula (79) reduces to (56). To calculate the curvature tensor of the metric
ds˜2 we introduce N extra flows
Riτγ = w
i
γ(R)R
i
t1 , i = 1, 2, ..., n, γ = 1, 2, ..., N, (81)
generated by the Hamiltonian operator (2) and the Hamiltonian densities aβ1 (R):
wiβ = ∇i∇iaβ1 .
Clearly, the flows (81) commute with (74). To calculate the transformed flows (81),
we have to incorporate the times τβ into the generalized reciprocal transformation (75),
namely,
dt˜γ = aγβdt
β + cγβdτ
β, γ, β = 1, 2, ..., N.
Here the fluxes cγβ are restricted by
cβγ + c
γ
β = (∇aβ1 , ∇aγ1) =
∑
gkk(∂ka
β
1 )(∂ka
γ
1), (82)
where (∇f , ∇g) denotes a scalar product of the gradients of f and g in the metric ds2.
Finally, the transformed flows (81) take the form
Riτγ = w˜
i
γ(R)R
i
t˜1
, (83)
with
w˜iγ =
wiγ − cβγAεβυiε
Aν1υ
i
ν
. (84)
Theorem 4 The curvature tensor of the transformed metric ds˜2 is
R˜ijij =
N∑
β=1
(
υ˜iβw˜
j
β + υ˜
j
βw˜
i
β
)
.
The metric ds˜2 generates the nonlocal Hamiltonian operator
J˜ ij = g˜iiδij
d
dx˜
− g˜iiΓ˜jikRkx˜ +
N∑
β=1
υ˜iβR
i
x˜
(
d
dx˜
)−1
w˜jβR
j
x˜ +
N∑
β=1
w˜iβR
i
x˜
(
d
dx˜
)−1
υ˜jβR
j
x˜.
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Proof :
let us introduce the Lame coefficients H1i =
√
gii and the rotation coefficients βik =
∂iH1k/H1i (for any i 6= k). According to ([28]), the linear problem
∂iHk = βikHi, i 6= k,
has N particlular solutions Hβi, where Hβi = υ
i
βH1i, and N other solutions H
β
i , where
Hβi = w
i
βH1i. Since commuting flows (74) and (81) are locally Hamiltonian (υ
i
β = ∇i∇ihβ
and wiβ = ∇i∇iaβ1 ), the relationship between conserved densities (hβ and aβ1 ) and the
corresponding commuting flows (υiβ and w
i
β) can be written as
Hβi = ψβi,i +
∑
m6=i
βmiψβm, H
β
i = ψ
β
i,i +
∑
m6=i
βmiψ
β
m, (85)
where ψβi and ψ
β
i are defined by the equations ∂ihβ = ψβiH1i and ∂ia
β
1 = ψ
β
i H1i. In this
notation the formulas (78), (84) and (79) become
H˜βi = A
γ
βHγi, H˜
β
i = H
β
i − H˜γicγβ
(where υ˜iβ = H˜βi/H˜1i and w˜
i
β = H˜
β
i /H˜1i) and the transformed rotation coefficients are
β˜ik = βik − ψβi H˜βk.
Since the metric ds2 is flat, the curvature components Rijik (i 6= j 6= k) vanish identically,
that is, ∂iβjk = βjiβik (i 6= j 6= k). This identity is preserved under generalized reciprocal
transformations: ∂iβ˜jk = β˜jiβ˜ik. However, the components R˜
ij
ij defined as
R˜ijij = −
∆˜ij
H˜1iH˜1j
where
∆˜ij ≡ ∂iβ˜ij + ∂j β˜ji +
∑
m6=i
β˜miβ˜mj ,
will no longer be zero. Indeed,
∆˜ij = ∂iβ˜ij + ∂j β˜ji +
∑
m6=i 6=k
β˜miβ˜mj =
= ∂i[βij − ψγi H˜γj ] + ∂j [βji − ψγj H˜γi] +
∑
m6=i 6=j
(βmi − ψγmH˜γi)(βmj − ψβmH˜βj)
= ∆ij − H˜γj [ψγi,i +
∑
m6=i
βmiψ
γ
m]− H˜γi[ψγj,j +
∑
m6=j
βmjψ
γ
m] + H˜βiH˜γj
∑
ψβmψ
γ
m.
Since ∆ij ≡ 0, equations (85) and (82), imply
∆˜ij = −H˜γjHγi − H˜γiHγj + H˜γiH˜βj(cβγ + cγβ) =
= −H˜βj [Hβi − H˜γicγβ]− H˜βj[Hβi − H˜γicγβ] =
= −H˜βjH˜βi − H˜βiH˜βj .
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Thus, the transformed curvature tensor is
R˜ijij = −
1
H˜1iH˜1j
∆˜ij =
H˜βjH˜
β
i + H˜βiH˜
β
j
H˜1iH˜1j
= υ˜iβw˜
j
β + υ˜
j
βw˜
i
β.
For N = 2 this proves Theorem 2 formulated in section 4.
As shown in [12], any linearly degenerate semi-Hamiltonian system in Riemann invari-
ants can be linearized by a generalized reciprocal transformation. Applying the results of
section 5 to local Hamiltonian structures of a linear system, one can explicitly construct
an infinity of mutually compatible nonlocal Hamiltonian structures for an arbitrary lin-
early degenerate semi-Hamiltonian system in the same way as it was done in examples
1-3. In the example below we explicitly construct nonlocal Hamiltonian formalism for the
n-component linearly degenerate system mentioned in the abstract.
Example 4.
As shown in [12], the linearly degenerate semi-Hamiltonian system
Ri
t˜2
=
(
Ri −
n∑
m=1
Rm
)
Ri
t˜1
, i = 1, 2, ..., n, (86)
and its linearly degenerate commuting flows
Ri
t˜β
= (−1)β+1
(
∂ih˜β
)
Ri
t˜1
, i = 1, 2, ..., n, β = 3, 4, ..., n,
where
h˜ =
n∏
k=1
(1 + λRk) = 1 + λh˜1 + λ
2h˜2 + λ
3h˜3 + ... + λ
nh˜n,
can be obtained from a set of commuting linear flows
Ritβ = (ε
i)β−1Rit1 , β = 1, 2, ..., n,
(εi are arbitrary constants) by a generalized reciprocal transformation,
dt˜β = aβγdt
γ ,
where
aβγ =
n∑
k=1
(εk)γ−1(Rk)n−β.
In the 2− and 3−component cases the explicit form of this transformation is stated in
Examples 1 and 3. The inverse reciprocal transformation is
dtβ = Aβγdt˜
γ ,
where
Aβγ =
n∑
k=1
(−1)n+γ+β+1 ∂kε˜n+1−γn∏
m6=k
(εk − εm)
∂kh˜β
n∏
s 6=k
(Rk − Rs)
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and
ε˜ =
n∏
k=1
(1 + λεk) = 1 + λε˜1 + λ
2ε˜2 + λ
3ε˜3 + ...+ λ
nε˜n.
Applying Theorem 4 to local Hamiltonian structures of the corresponding linear systems,
we obtain infinitely many nonlocal Hamiltonian operators associated with the system
(86):
Aij = giiδij
d
dx
− giiΓjikRkx +
n−1∑
β=1
[
υ˜iβR
i
x
(
d
dx
)−1
w˜jβR
j
x + w˜
i
βR
i
x
(
d
dx
)−1
υ˜jβR
j
x
]
. (87)
Here gii(dR
i)2 is the diagonal metric of the form
dR1
2∏
k 6=1
(R1 −Rk)f 1(R1) + ...+
dRn
2∏
k 6=n
(Rn − Rk)fn(Rn) , (88)
with the curvature tensor
R˜ikik =
n−1∑
β=1
(
υ˜iβw˜
k
β + υ˜
k
βw˜
i
β
)
,
where
υ˜iβ = ∂ih˜β ,
w˜iβ = (n− β)
∏
k 6=i
(Ri − Rk)
[
1
2
f ′i(R
i)(Ri)n−β−1 + (n− β − 1)fi(Ri)(Ri)n−β−2
]
−
n−1∑
γ=1
υ˜iγc
γ
β,
∂ic
γ
β = (n− β)(n− γ)
[
1
2
f ′i(R
i)(Ri)2n−β−γ−2 + (n− β − 1)fi(Ri)(Ri)2n−β−γ−3
]
.
Operators (87) depend on n arbitrary functions f 1(R1), ..., fn(Rn), and are mutually
compatible. It was demonstrated in [23] that the metric (88) is not flat for n ≥ 4,
whatever f i(Ri) are.
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